In this paper, the fractional-order modeling and analysis of a three-phase voltage source PWM rectifier (VSR) are researched considering the fractional-order characteristics of actual inductors and capacitors. While the Caputo fractional calculus operator is used to describe the fractional-order characteristics of an inductor and a capacitor, the fractional-order model of a three-phase VSR is established in the threephase static coordinate system. With the coordinate transformation, the fractional-order model is expressed in the two-phase static coordinate system and in the synchronous rotation coordinate system, respectively. Simulation results verify the effectiveness of the established models, and indicate that the fractional-order models can describe the operating characteristics of a three-phase VSR more accurately. Besides, compared with the traditional integer-order three-phase VSRs, the three-phase VSRs which contain the fractional-order inductors and the fractional-order capacitor can present better static and dynamic performance indexes (such as smaller overshoot and shorter regulation time) by appropriately selecting the orders of the inductors and the capacitor.
I. INTRODUCTION
Fractional calculus is developed by extending the order of integer-order calculus from integer to non-integer (i.e., fraction, irrational and complex number). The more accurate mathematical model of the system can be established by using fractional calculus due to the nature of a fractal dimension compared to integer calculus [1] - [3] . Therefore, the integer-order models used to describe the characteristics of inductors and capacitors are not accurate enough, even incorrect [4] , [5] . As shown in [4] and [5] , it is necessary to establish the corresponding fractional-order models to properly describe the electrical characteristics. The fractionalorder models of inductors and capacitors can be expressed as [3] - [8] :
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where, C is the capacitance of the capacitor, and L is the inductance of the inductor; α and β are the orders of an inductor and a capacitor respectively and satisfy 0 < α, β < 2; when α = 1 and β = 1, the inductor and the capacitor are expressed with integer-order models; u L is the inductor voltage, i L is the inductor current, u C is the capacitor voltage, and i C is the capacitor current.
Inductors and capacitors as the key components of power electronic converters usually are considered as integer-order components in the traditional models of power electronic converters [9] - [13] , which cannot actually reflect their operating characteristics. In recent years, the fractional-order modeling of power electronic converters is paid much attention considering the fractional-order characteristics of inductors and capacitors [14] - [26] . The influence of fractional-order capacitors on power factor correction converters was discussed in [14] . The state averaged model of an ideal Buck-Boost converter was addressed in [15] . However, in [14] and [15] , although capacitors are expressed with fractionalorder models, the inductors still use integer-order models. The fractional-order state averaged models of the Boost converter under continuous conduction mode and under Pseudo continuous conduction mode have been proposed in [16] and [17] , respectively. A symbolic analysis method of steady-state analysis was developed for the fractional-order DC-DC converters in discontinuous conduction mode [18] . The small signal equivalent circuit method and the average circuit equivalent method are used to address the fractionalorder modeling of the Buck converter in [19] and [20] , respectively. References [21] - [23] studied the fractionalorder modeling of Buck-Boost converters. References [24] and [25] researched fractional-order modeling and analysis methods for DC-DC converters in the time domain. The fractional-order model of single-phase voltage source PWM rectifiers was established in the static coordinate system [26] , but the inductor was still considered as integer-order model in the simulation. In summary, the studies in [14] - [26] indicated that the fractional-order characteristics of inductors and capacitors should be considered in the modeling of the power electronic converters, and the actual operating characteristics can be described more precisely by using fractional-order models. However, current researches mainly focus on DC/DC converters, and the research on fractional-order modeling of PWM converters of AC/DC and DC/AC has been missing.
The work of this paper is to address the fractional-order modeling and analysis of a three-phase voltage source PWM rectifier (VSR). The main contributions of this paper are as follows:
• To our knowledge, it is the first time to develop the fractional-order models of a three-phase VSR in the three-phase stationary coordinate system, in the two-phase stationary coordinate system, and in the synchronous rotation coordinate system. The fractionalorder models are the general expression of a three-phase VSR, which can describe the operating characteristics more accurately.
• Taking the fractional-order modeling of a three-phase VSR as an example, we proposed and realized the coordinate transformation for the fractional-order differential equations.
• The influence of the orders of the inductors and the capacitor on the operating characteristics of a threephase VSR has been analyzed. We found that the order of inductors affects both the dynamic characteristics and static stability of a three-phase VSR significantly, while the capacitor order mainly affects the dynamic characteristics.
• We discovered that the three-phase VSRs which contain the fractional-order inductors and the fractional-order capacitor can present better static and dynamic performance indexes (such as smaller overshoot and shorter regulation time) than the traditional integer-order threephase VSRs, by appropriately selecting the orders of the inductors and the capacitor. The remainder of this paper is organized as follows. The Caputo fractional calculus is introduced in Section II. In Section III, the fractional-order modeling of a three-phase VSR is addressed in the three-phase stationary coordinate system. In Section IV, the fractional-order modeling of a three-phase VSR is addressed in the two-phase stationary coordinate system and in the synchronous rotation coordinate system, respectively. In Section V, simulation results are used to examine the effectiveness of the proposed models. Finally, conclusions are drawn in Section VI.
II. A BRIEF INTRODUCTION OF CAPUTO FRACTIONAL CALCULUS
In the development and application of the fractional calculus theory, different definitions of fractional calculus have appeared. Due to its significant advantages relative to other definitions, such as integer-order initial, the ease of Laplace transform and the convenience of solving the equations, the Caputo fractional calculus definition is widely used in engineering and scientific research [1] - [3] . Thus, in this paper, the Caputo fractional calculus is used to establish the fractional-order models of a three-phase VSR.
For a function f (t), the definition of Caputo fractional differential is defined as follow [1] :
where t is an independent variable; t 0 is the lower bound of t, when t 0 = 0, t 0 can be omitted; α is differential order, α ∈ R + ; C denotes the Caputo fractional differential; n−1 < α < n, n ∈ N ; (·) denotes the Gamma function [1] . Caputo fractional integral is defined as [1] :
where γ is the fractional integral order, and γ ∈ R + .
Under the condition of zero initial value, the Laplace transform of the Caputo fractional differential can be expressed as:
where
The Laplace transform of the Caputo fractional integral has the form: Fig. 1 shows the topological structure of a three-phase VSR. In Fig.1 , the inductors and the capacitor have fractional-order characteristics, which means that they are the fractional-order inductors and the fractional-order capacitor respectively. elements. D 1 -D 6 are the freewheel diodes. i dc , U dc are the DC side current and voltage respectively. C is the DC side filter capacitor, its order is β and satisfies 0 < β < 2. R o is the load resistor. e o is the load equivalent DC electromotive force. i o is the load current. Point 0 is the neutral point of the threephase power grid, point P is the positive pole of the DC side and point N is the negative pole of DC side. Applying the Kirchhoff Voltage Law (KVL) and the Kirchhoff Current Law (KCL) to AC side of a three-phase VSR, using the switching function description, and considering the fractional-order characteristics of inductors, we obtained the AC side equations of a three-phase VSR:
III. THE FRACTIONAL-ORDER MODELING OF A THREE-PHASE VSR IN THREE-PHASE STATIONARY COORDINATE SYSTEM
where R k (k = a, b, c) are the total resistance of the k-phase incoming line. s k are the PWM driver signal of the bridge arms, which can be depicted by the unipolar binary logic switching function [9] : s k = 1 upper bridge arm is on, lower bridge arm is off, 0 upper bridge arm is off, lower bridge arm is on.
Applying the KCL to the DC side of a three-phase VSR, and considering the fractional-order characteristic of the capacitor, we obtained the DC side equation of a three-phase VSR:
where the DC side current is
Combining (6) and (8), the matrix form of the fractionalorder mathematical model of a three-phase VSR in threephase stationary (abc) coordinate system can be expressed as:
The fractional-order model structure of a three-phase VSR in three-phase stationary coordinate system.
The Laplace expression of (9) has the form as follows (10), as shown at the bottom of the next page.
According to (10) , the structure of the fractional-order model of a three-phase VSR in three-phase stationary coordinate system can be obtained, as shown in Fig. 2 .
IV. THE FRACTIONAL-ORDER MODELING OF A THREE-PHASE VSR IN TWO-PHASE STATIONARY COORDINATE SYSTEM AND IN SYNCHRONOUS ROTATION COORDINATE SYSTEM
The fractional-order model (9) which is in three-phase stationary coordinate system has the characteristics of clear and intuitive physical significance, but the right side of the equations are time-varying AC values, which leads to not conductive to the design of control system [9] - [12] . To solve this problem, we propose to conduct the coordinate transformation [10] , [12] for the fractional differential equations as shown in (9), and transforming the fractional-order model of a three-phase VSR from three-phase stationary (abc) coordinate system to that in synchronous rotation (dq) coordinate system. Thus, the time-varying AC values in three-phase stationary coordinate system can be transformed into the DC values in synchronous rotation coordinate system, and the design of the controller will be more convenient.
A. A BRIEF INTRODUCTION OF COORDINATE TRANSFORMATION
In the process of the coordinate transformation, firstly, the fractional-order model in three-phase stationary coordinate system is transformed into that in two-phase stationary (DQ) coordinate system, which is referred as the 3s/2s transformation. Then, the fractional-order model in two-phase stationary coordinate system is transformed into that in synchronous rotation coordinate system, which is referred as the 2s/2r transformation. The inverse transformation of the 3s/2s transformation is referred as the 2s/3s transformation, and the inverse transformation of the 2s/2r transformation is referred as the 2r/2s transformation.
The amplitude conservation coordinate transformation matrixes of the 3s/2s transformation and the 2s/3s transformation are as follows [10] :
The transformation matrixes of the 2s/2r transformation and the 2r/2s transformation are [10] :
where θ is the angle between axis d and D, θ = ωt + θ 0 , ω is the angular frequency of the power grid, θ 0 is the initial angel. For a generalized space vector F, the spatial position relations in three-phase stationary coordinate system, twophase stationary coordinate system and synchronous rotation coordinate system as shown in Fig. 3 [10] . In Fig. 3 , F D and F Q are the D and Q components of F respectively, F d and F q are the d and q components of F respectively. for (9), we obtained:
where i DQ = C 3s/2s i abc , u DQ = C 3s/2s u abc , s DQ = C 3s/2s s abc ,
i D and i Q are the D and Q components of input current respectively. u D and u Q are the D and Q components of the three-phase power grid voltage respectively. s D and s Q are the D and Q components of the switching function respectively. Simplifying (13) , the fractional-order mathematic model of a three-phase VSR in two-phase stationary coordinate system can be expressed as follows:
The Laplace expression of (14) has the form as follows:
According to (15) , the fractional-order model structure of a three-phase VSR in two-phase stationary coordinate system can be obtained, as shown in Fig. 4 .
C. THE FRACTIONAL-ORDER MODEL OF A THREE-PHASE VSR IN SYNCHRONOUS ROTATION COORDINATE SYSTEM
Conducting the 2s/2r transformation for (14) , we obtained:
where Multiplying C 2s/2r to the left and right sides of the first equation of (16) at the same time and considering C 2s/2r C 2r/2s = I (I represents the unit matrix), we obtained:
According to the definition of the Caputo fractional-order derivative [1] - [3] , the α-order derivative of C 2r/2s is:
Substituting (18) into (17), we obtained the fractionalorder mathematic model of a three-phase VSR in synchronous rotation coordinate system:
The Laplace transformation of (20) can be expressed as: 
FIGURE 5. The fractional-order model structure of a three-phase VSR in synchronous rotation coordinate system. Fig. 5 shows the fractional-order model structure of a three-phase VSR in synchronous rotation coordinate system. According to (19) , (20) and Fig. 5 , we noticed that there are coupling terms of ω α L sin(π α 2)i q and ω α L sin(π α 2)i d between i d and i q , and the coupling terms are not only related to ω and L, but also to the inductor order α.
D. THE MODELS OF A THREE-PHASE VSR WHEN THE ORDERS OF THE INDUCTORS AND THE CAPACITOR ARE 1
In particular, when the orders of the fractional-order inductors and the fractional-order capacitor are 1, by substituting α = β = 1 into (9), (14) and (19) , the traditional integerorder models of a three-phase VSR in three-phase stationary coordinate system, two-phase stationary coordinate system and synchronous rotation coordinate system [9] - [13] can be obtained as follows:
Comparing the integer-order models (21)-(23) of a three-phase VSR with the fractional-order models (9), (14) and (19) , we found that the integer-order models of a three-phase VSR are just the special case of the fractionalorder models, and the fractional-order models are the general expression of a three-phase VSR.
V. SIMULATIONS AND ANALYSIS
According to Fig. 2, Fig. 4 and Fig. 5 , the fractional-order digital simulation models of a three-phase VSR in three-phase stationary coordinate system, two-phase stationary coordinate system and synchronous rotation coordinate system are built on MATLAB/Simulink platform respectively. In these models, the simulation modules of the fractional-order inductors and the fractional-order capacitor are constructed by using the high-precision Caputo differential operator in the FOTF toolbox [27] . The three-phase VSR are controlled by unipolar SPWM wave and work in open-loop condition.
The main circuit parameters of the three-phase VSR are listed in Table 1 .
In order to verify the correctness of the fractional-order models of a three-phase VSR established in this paper, and to analyze the influence of the orders of the inductors and the capacitor on the operating characteristics of a three-phase VSR in addition, according to the different orders of the inductors and the capacitor in Fig. 1 , we set three simulation schemes, which will be described in detail later.
A. SIMULATION ANALYSIS OF THE FRACTIONAL-ORDER MODEL OF A THREE-PHASE VSR IN THREE-PHASE STATIONARY COORDINATE SYSTEM
Simulation scheme I: it includes five simulation conditions (the capacitor order is 0.9, and the order of inductors is 0.7, 0.9, 1.0, 1.1 and 1.3 respectively) as presented in Table 2 .
In order to analyze the influence of the order of inductors on the operating characteristics of a three-phase VSR, zero initial state simulations were carried out under the simulation scheme I, based on the fractional-order simulation model in three-phase stationary coordinate system. Fig. 6(a) and Fig. 6(b) show the DC voltage and the aphase inductor current response curves respectively. The DC voltage performance indexes are listed in Table 3 . According to Fig. 6 and Table 3 , we found that when the capacitor order is constant, 1) the change of the order of inductors will affect both the dynamic characteristics and static stability of the DC voltage and inductor current significantly; 2) with the increase in the order of inductors, the settling time of DC voltage increases sharply, the overshoot and the steady-state value decreases obviously, while the phase of the inductor current moves backward and the steady-state value decreases; 3) if the order of inductors is too large, the stability of the system becomes worse or even loses of stability.
Simulation scheme II: it includes five simulation conditions (the order of inductors is 0.9, and the capacitor order is 0.7, 0.9, 1.0, 1.1 and 1.3 respectively) as presented in Table 4 .
In order to analyze the influence of the capacitor order on the operating characteristics of a three-phase VSR, zero initial state simulations were carried out under the simulation scheme II, based on the fractional-order simulation model in three-phase stationary coordinate system. Fig. 7(a) and Fig. 7(b) show the DC voltage and the aphase inductor current response curves respectively. The DC voltage performance indexes are listed in Table 5 . According to Fig. 6 and Table 5 , we noticed that when the order of inductors is constant, 1) the change of the capacitor order will mainly affect the dynamic characteristics of DC voltage and inductor current, but it has little effect on the steady-state value; 2) with the increase in the capacitor order, the inertia of the system will increase obviously and the DC voltage settling time will be longer; 3) the DC voltage overshoot is minimum when β = 1.1, and it will increase sharply when the capacitor order far away from 1.1.
Besides, a very significant question is that whether the performance of the three-phase VSRs which contain the fractional-order inductors and the fractional-order capacitor can be better than that of traditional integer-order three-phase VSRs. In order to answer this question, simulation scheme III is set up in this paper.
Simulation scheme III: it includes two simulation conditions as presented in Table 6 . The simulation condition 1 is the three-phase VSR with 0.9-order inductors and 1.1-order capacitor in the circuit; the simulation condition 2 is the traditional integer-order three-phase VSR.
The reason why we choose the 0.9-order inductors and the 1.1-order capacitor is based on the analysis of the simulation results of the scheme I and the scheme II. From the results of scheme I, we found that when β is constant and α = 0.9, the DC voltage settling time is relatively short, but the overshoot is too large; and from the results of scheme II, we noticed that when α is constant and β = 1.1, the overshoot of DC voltage is the smallest but the settling time is too long. Based on this situation, it is easy to conjecture that if the advantages of 0.9-order inductors and 1.1-order capacitor are combined, that is, for the fractional-order three-phase VSR with 0.9-order inductors and 1.1-order capacitor, its static and dynamic performances may be better than the traditional integer-order three-phase. Fig. 8 and Table 7 show the DC voltage response curves and the performance indexes of the simulation scheme III respectively. According to Fig. 8 and Table 7 , it is obvious that the three-phase VSR with the 0.9-order inductors and the 1.1-order capacitor has better static and dynamic performance indexes (such as smaller overshoot, shorter regulation time and larger output voltage) than the traditional integer-order three-phase VSR. Therefore, for the three-phase VSRs which contain the fractional-order inductors and the fractional-order capacitor, better static and dynamic performance than the traditional integer-order three-phase VSRs can be presented by appropriately selecting the orders of the inductors and the capacitor.
From Fig. 6, Fig. 7 and Fig. 8 we know that for the threephase VSRs which contain the fractional-order inductors and the fractional-order capacitor, the static and dynamic performances will be affected by the orders of the fractional-order inductors and the fractional-order capacitor, and more flexible and diversified operating characteristics can be obtained. Furthermore, if the fractional-order characteristics of the inductors and the capacitor are ignored and simplified to integer-order in the modeling and analysis of a three-phase VSR, significant deviations maybe exist between the results of modeling and analysis and the actual situation.
B. SIMULATION ANALYSIS OF THE FRACTIONAL-ORDER MODEL OF A THREE-PHASE VSR IN TWO-PHASE STATIONARY COORDINATE SYSTEM
In order to verify the correctness of the fractional-order model of a three-phase VSR in two-phase stationary coordinate system, zero initial state simulations were be carried out under the simulation scheme II, based on the fractional-order simulation model in two-phase stationary coordinate system. Fig. 9 shows the DC voltage response curves. Comparing Fig. 9 with Fig. 7(a) , it is obvious that, under the same simulation conditions, the DC voltage response curves of the fractional-order model of a three-phase VSR in two-phase stationary coordinate system are just the same with those in three-phase stationary coordinate system. Thus, the correctness of the fractional-order model of a three-phase VSR in two-phase stationary coordinate system which is established in this paper is verified.
C. SIMULATION ANALYSIS OF THE FRACTIONAL-ORDER MODEL OF A THREE-PHASE VSR IN SYNCHRONOUS ROTATION COORDINATE SYSTEM
In order to verify the correctness of the fractional-order model of a three-phase VSR in synchronous rotation coordinate system, zero initial state simulations were be carried out under the simulation scheme II, based on the fractional-order simulation model in synchronous rotation coordinate system. Fig. 10 shows the DC voltage response curves. Comparing Fig. 10 with Fig. 7(a) and Fig. 9 , we observed that, under the same simulation conditions, the DC voltage response curves of the fractional-order model of a three-phase VSR in synchronous rotation coordinate system are basically the same with those in three-phase stationary coordinate system and in two-phase stationary coordinate system. Thus, the correctness of the fractional-order model of a three-phase VSR in synchronous rotation coordinate system which is established in this paper is verified.
VI. CONCLUSION
On the basis of considering the fractional-order characteristics of inductors and capacitors, this paper developed the fractional-order models of a three-phase VSR in three-phase stationary coordinate system, two-phase stationary coordinate system and synchronous rotation coordinate system for the first time. Digital modeling and simulation results verified the correctness of the established models. We observed that the fractional-order models are the general expression of a three-phase VSR, which can describe the operating characteristics more accurately, especially when the inductors and the capacitor in the circuit have fractional-order characteristics. In addition, the influence of the orders of the inductors and the capacitor on the operating characteristics of a three-phase VSR was studied. We found that the order of inductors affects both the dynamic characteristics and static stability significantly, while the capacitor order mainly affects the dynamic characteristics. This finding can be used to design the fractional-order three-phase VSRs with better operating characteristics than the traditional integer-order three-phase VSRs.
Further research can be carried out from the following aspects (but not limited to):
1) It is necessary to research the quantitative relationship between the orders of the fractional-order inductors and the fractional-order capacitor and the performance indexes and stability of a three-phase VSR.
2) Based on the fractional-order models of a three-phase VSR established in this paper, the fractional-order controllers can be further designed.
